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Abstract

The variable projection (VARPRO) method deals with those nonlinear least squares problems whose
variables separate into two categories: linear variables and nonlinear variables. This report focuses on
the original paper proposing the VARPRO method, corrects its typos and generalizes the proof to infinite
dimensional spaces and complex numbers. One key proposition that the author used without proof in
the paper is also proved here. We also implemented the VARPRO method based on Gauss-Newton

algorithm and the corresponding experimental results are shown and discussed in this report.

I. INTRODUCTION

In model-based estimation problems, we need to estimate the parameters, «, in the proposed
model, n(a;t), given the observation data y(t). One of the commonly used penalty functions

that describe the loyalty to the observation data is the so-called least squares function,

r(a;t) = y(t) — nlest), (1)
where

o= [og,ay,...,04)" € RF,

and we usually obtain an estimation for o by maximizing the 2-norm of the least squares

function,

a(y) = argmin [[r(c)], 2)

where

y=[y(t1),...,y(tm)]" €R™,



r(a) =[r(a;ty),...,r(a;ty,)]" € R™.

Besides describing the discrepancy between observation and the proposed model, least squares
function also has another property. When the observation data are corrupted by Gaussian noise,
1.e.,

y(t) = n(a;t) +£(1), 3)

where £(t) ~ N(0,0%) stands for a Gaussian noise with variance o2, then the maximum

likelihood estimator is

anr(y) = arg mgxlnfy|a(y]a)
1 (y(ty) —n(e;ty))
= arg maXInH 5 e
@ A Yixel
= argmin”r(a)Hg. 4)

Therefore, the least squares estimator gives exactly the same result as the maximum likelihood
estimator in this case. As the maximum likelihood estimator has some attractive properties such
as asymptotically unbiased and asymptotically efficient (i.e., its variance of error asymptotically
reaches its Cramer-Rao Lower Bound) [1], the least squares problem is very useful and ubiquitous
in real applications if there is no prior information available and there are no other assumptions
made.

If the model we proposed above, m(-), is linear with respect to «, then the least squares
problem turns into a linear least squares problem, which has already been well-defined and
solved in Hilbert spaces. If n(a) = Aa, where A represents the linear mapping 7, then the
least squares solution must satisfy

A*AdLS = A*y, (5)

where A* is the adjoint of A which exists and is unique by Lemma 7.3 (Textbook [2]). As
long as the range space of i or A is complete, the least squares solution exists (Theorem 7.13
Textbook [2]). Or, if we are more interested in the least squares solution that has the minimum
norm, then we can further projecting any least squares solution to the orthogonal complement
of the null space of 7, which has also been solved in our class.

However, in many cases such as harmonic retrieval and direction of arrival problems, the

model n(«) is unfortunately not linear with respect to its parameter ac. Although people have



developed many state space methods, for example, Prony’s method, Kumaresan and Tufts method,
and the Multiple Signal Classification (MUSIC) method, all of these methods are specifically
designed for one type of applications and lacks flexibility to other problems. Therefore, solving
the nonlinear least squares problem is also meaningful under many occasions.

In the remainder of this report, we are going to focus on one kind of nonlinear least squares
problems whose variables separate into two categories: linear variables and nonlinear variables.
The method is called the Variable Projection (VARPRO) method and was proposed by Golub
and Pereyra in 1973 [3]. Section II will be the formulation of the problems that VARPRO
handles and will be specifying the infinite dimensional Hilbert space we are dealing with. The
following section III will be a detailed proof of the theorems and lemmas from the paper [3],
with extensions to the infinite dimensional case. We have also implemented the VARPRO method
using the Gauss-Newton algorithm as described by section IV, with an extension from real
number case to complex number case. And the experimental results are shown in section V.
Finally an analysis of the results and a more general discuss over the VARPRO method will be

provided in section VI.

II. FORMULATION

Those nonlinear least squares problems whose variables separate are such a kind of problems:

(e(y), a(y)) = argmin [[r(c, &), (6)
where
a = [og,ay,...,04)" € RF,
c=lci,co, .. cn)t €RY,
y=[y(tr),...,y(tm)]" € R™,
r(c,a) =[r(c,a;ty),...,1r(c, a;tm)]T e R™,
and
r(c,ast) = y(t) —nlc, ast). (7

Note here we have 0 < n < oo and 0 < k,m < oo, which means that we have generalized

VARPRO to cope with infinite nonlinear variables ¢ and infinite observations y.



Here we specifically replace the original parameter vector a in (1) and (2) by ¢ and « is
to explicitly show that the variables separate into two categories, where c represents the linear
variables and « represents those nonlinear variables. To be more precise, the model 7(-) has

the following form:

n(c,a;t) =Y cjpi(ast), ®)
j=1
where p;(a;t),j =1,2,...,n and n < oo is a set of basis functions.

If we rewrite Eqn. (7) in vector form, we have
’I"(C, Oé) =Y - q)(a)ca (9)

where ®(a) € R™*" and ®,; = ¢;(o;t;), fori=1,2,...,m, j=1,2,...,n.

Given Eqn. (6), we want to set this problem into the scope of vector spaces, such that we can
use what we have developed for vector spaces to solve this least squares problem. It is feasible
if we already know the value of a such that the basis functions ¢ (c;t) are fully determined.
We can project the observation y onto the span of ¢(-)’s and obtain ¢.

To be more rigorous, we need to firstly define a Hilbert space where these observations lie
in:

X ={l(Z%), < >}, (10)
where the inner product < -,- > is defined as following:

<u,v>= Y uljufj],Yu,v € X. (11)
j=0

Because the signals in real world must have finite energy, the so-defined X indeed contains the
observation data y. Note here the dimension of y, which is m as we mentioned before, is not
necessarily finite. But it is obvious that X" is a Hilbert space (Theorem 6.2 Textbook [2]), and
the inner product we defined is valid for real valued data.

If the parameter vector o is unknown and the order of the model n is fixed, then the set of all
the linear combinations of such ¢’s does not form a subspace at all. If the order n is not fixed
but finite, then the set is a subspace but not complete, for the same reason as the set of all finite
length discrete time signals. Neither of these two cases is desirable because we cannot construct

a linear projector and solve the linear variables ¢ on these two sets (Theorem 7.6 Textbook [2]).



However, if the parameter vector « is available somehow and the model order n is fixed,
then the span of the basis functions ¢;(c;t),7 = 1,2,...,n form an n dimensional subspace
S C X. Because S is finite dimensional, it is obviously complete. By Theorem 7.6 (Textbook
[2]), we know that there exists a projector, Ps, from X onto the subspace S. By applying this
projector to our observation y, we would obtain a unique Psy € S and its coordinate under basis
¢, 7 =1,...,n is exactly the desired ¢. This provides an intuition for the VARPRO method.

The VARPRO method is to replace (9) by

ra(a) =y — ®(a) @' (a)y. (12)

And the original problem (6) is turned into the following two-step problem (which we call

VARPRO in the following):

aly) = argmin [rs(@)]2, (13)
ely) = @'(a)y, (14)

where the last equation comes from Definition 7.3 (Definition of pseudo-inverse in Hilbert spaces)
from our textbook [2].

An immediate concern would be whether VARPRO is equivalent to its original problem, which
the paper [3] was focused on.

Note from the analysis above, we can see that the VARPRO does not cope with the situation
where the model order n is variant (otherwise the projection cannot be made). This is to say
that VARPRO cannot be generalized to deal with the infinite dimensional model 7(-;¢) where n
is not fixed but finite. However, we can see later that VARPRO can indeed be generalized such

that the nonlinear variables and the observations can be infinite dimensional.
III. THEOREMS AND LEMMAS

A. Frechet Derivative

The proof of the theorems from the paper [3] are based on a generalization of derivative to
Banach spaces, the Frechet derivative.
Let V and W be two Banach spaces. Note here V' and W are not necessarily finite dimensional.

The only requirement is that they are complete normed spaces. Take a function f : V — W.



It 1s Frechet differentiable at x € V' if and only if there exists a bounded, linear operator

A, : V — W, such that
AR~ £ (@)~ A

h—0 ||y

and we denote A, by Df(x)

=0,

This definition is a generalization to Banach space derivatives. To see this, if we take V' = R?
and W = R, and take the norm in both V' and IV to be the 2-norm, then by the Taylor expansion

of this multiple variables function f, we have
1
f(x+h) = f(x)+ Vih+ ihTHwh +o(||h|3),

where V f denotes the gradient vector of f and H denotes the Hessian matrix of f. Then
apparently the Frechet derivative at point z, A, is the same with V f,.
If we change I to RY and remains V' = R? and the norm definition to be the same, we can

still obtain the Taylor expansion for the vector function f:
f(@+h)=f(x)+ J-h+o(|h]y),

and Df(x) = J,, where J is the Jacobian matrix of f.

One important proposition that the author repeatedly used without proof in [3] is:
D(AB) = (DA)B + A(DB), (15)

where A and B are matrices.

However, this is counter-intuitive, in fact. Because the product of two matrices represents a
composition of two linear mappings. For example, if A and B are respectively the matrix form
of mapping A and mapping B, then AB is the matrix representation of .4 o 3. It can be easily

found in any materials of Frechet derivative that the chain rule of Frechet derivative is
D(Ao B)(z) = DA(B(z))DB(x), (16)

which is contradictory to (15). This difference comes from the fact that we did not clarify the
two Banach spaces V' and W where the Frechet derivatives were defined with. The Banach
spaces associated with (15) and (16) were actually different, which is why we got different

results above.



In the derivation of [3], the author frequently used Eqn. (15). In that case, the two Banach

spaces are defined as following:

V=R W =R™™,
Note V' is the nonlinear variable vector space. Because we can have infinitely many nonlinear
variables to estimate (k < oo), V' is an infinite dimensional space and needs to check against
completeness. 1/, which is a matrix vector space, is m X m and can also be infinite dimensional
(m < 00). Instead of immediately telling whether V' and W are complete, we need to define
norms associated with them:

ol = (Zzﬂm) eV,

j=1

Jwl| = (ZZwQ[i,j]> Yw e W.

i=1 j=1
If we further assume that the norms defined above are bounded, then V' and W are just l5(Z*)
and [5(Z" x Z*) and apparently Banach spaces (Theorem 6.2 Textbook [2]).

Next we try to prove (15) as the following proposition by ourselves. This is not trivial because
it involves infinite dimensional vector spaces and completely different from the property of
conventional differentiation (however, the proof of dzy = ydx + xdy indeed provides intuition).

Proposition 1 (Property of Frechet Derivatives): Let A and B be two mappings from V to

W, where V' and W are defined above as Banach spaces. Then we have
D(A(v)B(v)) = (DA(v))B(v) + A(v)(DB(v)) (17)

forallveV.
Proof: For all v € V, let A(v) = A(v) € W, B(v) = B(v) € W and C(v) = A(v)B(v).
Then,

C(v)li, ] =Y A(v)[i, | B(v)[L, j].
=1
By the definition of norm on W, we have

|C(v+h) — C(v) — DC(v)(h)[lw
= DD _(Cy(v+h) = Ci(v)

i=1 j=1

—DCi(v)(h))*)? (18)



Assume DC/(v) satisfies (17), then,
Cij(v + h) — Cij(v) = DCyj(v)(h)
— i Ay(v+ h)Bjj(v+h)
- /Im (v)By;(v)
—(DAi)(v)Bij(v)h
—Aa(v)(DBy;)(v)h
— zm: Au(v + h)(Byj(v + h) — Byj(v) + By;(v))
l—:zlﬁliz (v)Bi;(v)
—(ViA(v))Bij(v)h
—(Aq(v) — Ay(v + h) + Ay(v + h))(V,;;B(v))h
_ Xm: Au(v + h)(Bj;(v + h) — By;(v) — V;;B(v)h)
iL(IAﬂ(v + h) — Ay(v) = VaA(v)h) By (v)

—(Ail('v) — A,;l(v + h))VljB(v)h

NE

o([[~|lv), (19)

=1

This is a sum of infinitely many o(-)’s, but since elements in W all has finite norms, it is easy

to see that
|C(v+h) = C(v) — DC(v)(h)||w
RV

— 0,

still holds, where DC(v) satisfies (17).

B. Equivalence

One of the major results of [3] is the following theorem. Here we will go through it and fill
up its missing steps in the original paper.
Theorem 1 (Equivalence): Let r(c, ) and r3(x) be defined as above. Assume that in an

open set 2 C R*, ®(a) has constant rank 7 < min(m,n).



a) If ac is a critical point (or a global minimizer in 2) of r5(cx), and
¢ =l (a)y, (20)

then (¢, &) is a critical point of (¢, ) (or a global miminizer for a € Q) and r(¢, &) =
ro(&).

b) If (¢, &) is a global minimizer of 7(c, &) for v € €2, then & is a global minimizer of 7, in
2 and ro(&) = r(¢, &). Furthermore, if there is a unique ¢ among the minimizing pairs of
r(c, ), then ¢ must satisfy (20).

Before proving Theorem 1, we need to firstly prove a lemma, which was also provided by

[3].

Lemma 1: Let A~ () be an nx'm matrix function such that AA~A = Aand (AA™)T = AA~.

Then

DPy = P, (DA)A™ + (P4 (DA)A)T. 1)

In order to generalize this lemma to infinite dimensional spaces, we have to require in addition
that the range space of A is complete, and the whole space containing A should be Hilbert.

Although we have an additional requirement for A, this is easily satisfied in our scope because
the range space of ® is exactly X which is indeed complete as we defined in section II.

Proof of Lemma 1: Since P, is a projector onto the subspace of A, we have
PyA = A,
by Theorem 7.4 i) (Textbook [2]). Therefore,
DA = D(P4A) = (DP4)A+ Ps(DA),
(DP4)A = DA — P4(DA) =P,y (DA). (22)

We can see that the A~ here is a generalization or relaxation of the moore-penrose pseudo-
inverse of A. It can be verified that AA™ is also a valid projector onto the subspace of A, because
it satisfies the orthogonality principle. Moreover, because of the uniqueness of a projector, we

have Py = AA™.
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Because one projector is idempotent, we have P3 = P4 (Theorem 7.10 Textbook [2]), and

then
DPy = D(P})
= (DP4)Ps+ ((DP4)P4)"
= (DPa)AA™ + ((DP4)AAT)T (23)
By using (22), we have the result of (21). |

As Py = I — P, (Lemma 7.1 Textbook [2]), we easily have DP4. = —D P, which is useful
in the proof following. And we should also notice that if A~ is replaced by A" in (21), the result
remains unchanged.

Proof of Theorem 1:

a) As we only consider an open set €2, the critical points are only those with zero gradient. Hence,
to show that these two problems’ critical points coincide, we need to find their corresponding
gradients to begin with.

Since ||ry(a)||5 = || Ppr(a¥yll3, by the chain rule of gradient, we have
SVImlE = o7 Par (DR )y
= —y ' Py.[Pp(DP)®T
+(Pyr (D) DY) y. (24)
Because P (o) (®")" = (®7)" — @®(®")” = 0, the expression above can be simplified to
SV lira(e)[} =~y Py (DE) 'y, (25)
Similarly, for ||r(c, @)||%, we also have

%V'r(c, a) = —(y — ®c)' (DP)c® @),

where the & sign denote direct sum, which comes from taking gradient with respect to o
and c, respectively.

Because Pg.® = 0, the expression above can be simplified to

1 1
5W(@y, a) = 5Vr(a) 0. (26)
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Thus, if & is a critical point of 75, and ¢ = ®'(a)y, then (&, &) is a critical point of 7 as
well.

Next we need to show that the global miminizer of these two problems coincide. Assume &
is a global minimizer of 7o, and ¢ is calculated as (20). Then obviously, ry(&) = r(¢, &).
Suppose that there exists (c*, a*), a* € Q, s.t. 7(c*, a*) < r(¢, &). Because VARPRO takes
an extra step to minimize over ¢, we have ry(a) < r(c, ), Ve, c. Then it follows that
r(a*) < r(c,a*) < r(¢,&) = ro(a). But this is contradictory to the fact that & was
a global minimizer of r5 in €. So the hypothesis is not valid, and (¢, &) is also a global
minimizer of 7 in €.

b) Conversely, if (¢, &) is a global minimizer of = in  and let ¢* = ®'(&)y, then ry(&) =
r(c*, &) < r(e, &). Since r(¢, &) is a global minimizer, it has to be equal sign in the formal
inequality. Because for any a, m2(ax) > (¢, &) = ro(&), we proved & is a global minimizer
of r, as well.

Furthermore, if ¢ is unique, then it must be the same as ¢* = ®'(&)y, because r(c*, &) =

r(¢, &). Therefore, part b) of Theorem 1 is also proved.

C. Differentiation of pseudo-inverses

Another result from the paper [3] is the differentiation of pseudo-inverses, which is described
as following.

Theorem 2 (Differentiation of Pseudo-inverses): Let 0 C R* be an open set and for o € (2,
let A(ax) be an m x n Frechet differentiable matrix function with local constant rank r <

min(m,n) in Q. Then for any a € 2, we have
DAY () = —AN(DA)AT + AN(ANT (DAY Py,
+Pany (DA)T (AN AT, 27)
Similar to Theorem 1, we need to require in addition that the range space of A is complete
to generalize this theorem to infinite dimensional spaces.
Proof of Theorem 2: Since the proof provided by its original paper [3] was very clear and

detailed, we will not be going through it here. It can be found as Theorem 4.3 on pp. 420-421
[3]. [ ]
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IV. ALGORITHM

The paper [3] provided us theoretical guarantee that obtaining the critical point or global
minimum of the VARPRO functional (13) would be the same as solving the original nonlinear
least squares problem (6). We are going to solve (13) using the Gauss-Newton algorithm, which
is a special kind of the descent algorithms for optimization problems.

The general descent algorithm for optimization of f(x) is as following [4].

1) Given a starting point z(%.

2) Repeat until stopping criterion is satisfied.

a) Determine a descent search direction Az,
b) Choose a step length ¢ > 0.
¢) Update. z*+1) .= 2(®) 4 () Ag(F),
Specifically, the Gaussian-Newton algorithm [4] calculates the search direction by:
rao(a) = ro(a) + Dray(a®)(a — a),
A = arg 1221 |72(a®) + Dry(a®™)Aa,.
This is a least squares problem and can be solved by pseudo-inverse of Drj:
Aa®) = —(Dry)iry,
Dry, = D(®d)y
= (D®)®'y + (DP")y, (28)
where the last equal sign comes from our Proposition 1. As we already have the derivative

of pseudo-inverses as shown in Theorem 2, Eqn. (28) can be easily handled. Since Dr, is a

Jacobian matrix, its j-th column is as following:

0d Lol
R - ] ]
Dry()li ] = (5, )%y + (5 )y,
where
o' oD od
9T _ (T \pt thT( L2\ p. |
0P
+Pgiy (5—) (@) . (29)

8aj
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A. Extension to the Complex Number Case

In the analysis of [3], the author assumed that all the variables and observations were real
numbers. However, in many real applications, the observations are usually complex numbers.
Therefore, we extend the algorithm such that it can handle complex observations, i.e., X is a
Hilbert space where its elements are complex vectors. We can further assume that the variables
remain to be real without loss of generality, since if they are not we can directly separate them
into real parts and imaginary parts.

In the complex number case, we can define a new functional 75(cx):

Re(’l"g)
o) =
Im(7,)
It is easy to verify that ||ro(a)||s = ||72(cx)||2. Thus, solving (13) is equivalent to solving
a(y) = argmin [7a(a)] (30)
cly) = (29, (31)

where

B
I

Re(y)
Im(y)

N
I

Since we keep the variables o € R*, then the Frechet derivative of 7, can still be calculated
by (28). And it can be justified that the derivative of 7, and 7, satisfies the following simple

relationship:
Re(Drs)
Im(Dry)

D';'Q -

Therefore, if y € C™, the VARPRO method can be easily modified to copy with that situation.

V. EXPERIMENT

We take the MRI signals (damped sinusoid signals) as an example to show our VARPRO

algorithm. The formulation of MRI signals is
N t
d(t) =Y cqe TeT 4 >0,

n=1
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Fig. 1. Spectrum of Observation with Noise

where N is the number of metabolites in the experimented subject, and c,,, T3, and f,, are the
concentration, T2 relaxation time and resonance frequency of the n-th metabolites, respectively.
We can see here ¢,,’s are the linear variables, while 7} ’s and f,,’s are nonlinear variables. Thus,
this is a model whose variables separate. If the observation data are corrupted by Gaussian
noise and we are going to estimate those variables by solving a least squares problem, then the

VARPRO algorithm we implemented above can be utilized.

A. Simulation Setup

The spectrum of our simulation observation data is shown in Fig. 1, the x-axis of which is
in Hertz. We set N = 6, which means we had six metabolites in total. And the ground truth is

shown in Table 1.

B. VARPRO

Firstly we used HSVD [5] to obtain an initial guess of all the variables. Then, we used the
VARPRO algorithm we implemented, and the effect of our fitting is shown in Fig. 2, where the
red line represents the estimated signal and the black line represents the residual. We also list

all the estimated variables in Table II for comparison.

VI. DISCUSSION

The original paper of VARPRO [3] provided us confidence that if the nonlinear least squares
problem has separable variables, then estimating the nonlinear variables and linear variables

separately by VARPRO can always give us a solution that coincides the solution of the original
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TABLE I

SIMULATION SETUP

Relative ¢, 715, (ms) f, (Hz)

1.98 201.7 3219
0.56 54.6 280.5
1.11 182.1 198.1
1.19 206.9 174.8

1 68.7 132.6
0.56 140.2 80.7

Fig. 2. Spectrum of Estimated Signal

problem. And the result of the derivative of pseudo-inverses also provided us a powerful tool
for many problems, otherwise we could only handle the pseudo-inverses of full row ranked or
full column ranked matrices.

We can see from Fig. 2 that the VARPRO algorithm gave us a very good fitting of the spectrum,
even for the small peak around 280Hz. And by comparison between Table I and II, we can see
the estimation is accurate to some extent. However, due to our time limit, we were not able
to explore more extensive experiments showing the features of VARPRO and its comparison to
its original problem. We are not clear about the performance of VARPRO if the signal-to-noise

ratio becomes much worse, or if the number of variables grows to be much larger, either. But
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TABLE I

ESTIMATION RESULTS

Relative ¢, 715, (ms) f, (Hz)

2.16 166.9 322.0
0.37 87.1 279.9
1.12 189.8 198.0
1.17 234.5 174.8
1.09 68.5 132.8
0.56 1354 81.2

we are clear that VARPRO is supposed to be more robust than its original problem because it
has fewer variables to estimate (i.e., lower order) at each step.

In terms of the generalization to infinite dimensional spaces, we proved that all the proposition,
lemma and theorems we proved above is valid if the dimension of observation (m) and the
dimension of nonlinear variables (k) are infinite, while the model order n should be a fixed and
finite number. We have also generalized VARPRO to the complex number case, which is also

very common in real applications.
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